A narrowband ultrasound source has been used to generate solitary wave impulses in finite-length chains of spheres. Once the input signal is of sufficient amplitude, both harmonics and sub-harmonics of the input frequency can be generated as non-linear normal modes of the system, allowing a train of impulses to be established from a sinusoidal input. The characteristics of the response have been studied as a function of the physical properties of the chain, the input waveform and the level of static pre-compression. The results agree with the predictions of a theoretical model, based on a set of discrete dynamic equations for the spheres for finite-length chains. Impulses are only created for very small pre-compression forces of the order of 0.01 N, where strongly non-linear behaviour is expected.
Introduction
The motivation for this study was the need for high amplitude, wide bandwidth ultrasonic impulses for biomedical applications. High amplitudes can be derived from ultrasonic horns, but these are of narrow bandwidth. Granular chains could, in principle, increase the available bandwidth, due to the strongly non-linear Hertzian interaction between neighbouring particles [1] . The dynamic response of these systems to impulsive input signals is governed by nonlinear, dispersive and dissipative effects, leading to the formation of solitary waves that travel along the chains [2] [3] [4] . Nesterenko has shown that characteristic solitary waves are predicted in an analytical solution using the long wave approximation [1, 5] . Strongly nonlinear waves have also been observed in a chain of Teflon beads [6] and in double power-law materials [7] , as well as in granular dimer chains [8] .
The tunability of solitary wave properties has been demonstrated [9] . It is now known that the speed of solitary waves along a chain can be changed using an applied pre-compression force, provided the conditions of the chain are appropriate. This latter effect was used to demonstrate that a nonlinear acoustic lens with a tuneable focus can be produced [10] , leading to the interesting concept of sound bullets. These sound bullets are established from an appropriate superposition of the individual output signals from a set of neighbouring Hertzian chains. These previous studies [9] [10] [11] demonstrated that piezoelectric actuation could be used to generate solitary waves in columnar chains of steel ballbearings under small pre-compression (F 0 ). The resultant effects are dependent on the characteristics of the applied transient force (F m ), the diameter of the spheres, and the relative values of F m and F 0 . If F m % F 0 , weakly non-linear behaviour results, whereas if F m ) F 0 , propagation along the chain is highly non-linear.
Most of the experimental work to date has used relatively low ultrasonic frequencies and large spheres with diameters of the order of up to 10 mm. The cut-off frequency for solitary waves limits the upper frequency that can propagate in chains [1] ; hence, higher frequencies will need smaller spheres. In addition, little work seems to have been performed experimentally into establishing whether higher frequencies and non-impulsive waveforms could be used in chains of finite length. Of particular interest in this context is the establishment of resonances within such chains. Various papers have described the concept of Non-linear Normal Modes (NNMs) of vibration, which are expected to exist in such systems [12] [13] [14] . Jayaprakash et al. [12] studied such chains with fixed boundary conditions, and predicted a set of NNMs which resemble a traveling wave propagating backwards and forwards through the finite granular chain. These exist within allowed frequency bands (known as propagation bands), which have been observed in a two-sphere experimental system [14] . NNMs are expected to be very sensitive to the input conditions, in terms of the nature of F m and F 0 , the types of spheres used and the boundary conditions. Recent work by the current authors has investigated finite-length chains using ultrasound of a higher frequency and smaller spheres [15] . It was observed that for a given input frequency, impulses evolved once the input amplitude exceeded a specified threshold value for a certain length chain. The present paper explores this process in much greater detail, and investigates the factors which govern the creation of these impulses. Discrete dynamic equations of motion for chains of spherical oscillators are also used to predict the signal development and propagation in such chains, for comparison to the corresponding experimental results.
Apparatus and experiment
The experimental arrangement used is shown in Fig. 1 . Chains consisting of 1 mm diameter chrome-steel spheres, with lengths varying between 2 and 14 spheres, were placed within cylindrical holders fabricated from acrylic resin. The holders were manufactured individually from acrylic resin to suit each length of chain, using micro-stereolithography (a form of additive manufacturing). The spheres were placed horizontally within the holder so as to just touch each other, minimising the initial static precompression force (F 0 ). The first sphere was excited harmonically by a longitudinal ultrasonic horn, operating at 73 kHz, which was driven by a high voltage tone-burst signal using an Agilent 33120A function/Arbitrary waveform generator and a power amplifier. Both the horn and the chains of spheres were clamped rigidly onto an optical translation stage, and a micrometer used to position the horn against the first sphere with as little force as possible. The last sphere in the chain was held in place using an annular aperture, allowing detection of the particle velocity waveform at the output via a Polytec laser vibrometry system. The tone-burst duration and amplitude of the drive voltage signal could both be adjusted. The ultrasonic motion of the horn tip at full power, for drive voltage tone-bursts of 20 cycles and 45 cycles in duration, is shown in terms of its waveform and frequency spectrum in Fig. 2 (a) and (b) respectively. Both show a prominent peak at 73 kHz, with only a small amount of harmonic content from the vibration of the horn.
Discrete theoretical modelling of wave propagation in chains
Here we model the acoustic wave transmission in a granular medium of finite length, contained between the ultrasonic horn and a reflecting wall, so as to understand the relationship between the input and output signals and the chain structure. This analysis also has to consider the boundary conditions at either end of the chain, as these have an effect on the resulting behaviour in a resonant system. The theoretical analysis also allows prediction of the effects resulting from changes in the static precompression force F 0 .
The discrete dynamic equations of motion [15] that describe the types of granular chains studied here assume that the spheres have an identical mass (m) and radius (R). The first sphere is harmonically excited by an ultrasonic transducer with a displacement that can be calculated from the particle velocity waveform measured experimentally at the horn tip (see Fig. 2 ). The first sphere in the chain is in contact with the planar face of the horn; the last sphere is assumed to be in contact with a fixed planar wall (although in practice this has an opening to allow measurement of the vibration of the last sphere in the chain). The planar surfaces of these two boundaries are, in fact, modelled as spheres with very large radii.
The model predicts the displacements of the centres of consecutive spheres (u 1 , u 2 , u 3 , . . . , u N ), for a particular input displacement waveform (u 0 ) from the horn tip. The experimental waveforms are observed to exhibit energy loss with elapsed time; hence, a linear viscous damping coefficient (k) is used within the dynamic equations of motion, so that energy dissipation is included. This also helps the model to become more stable, a phenomenon observed by other authors [16] . Damping is only relevant when the spheres are in contact; if this is not the case, then a damping term is not needed (as previously described by Lydon et al. [14] ). This is dealt with via the Heaviside function H included within the equations. The effect of a static pre-compression force F 0 is modelled by computing an initial static displacement of the centre of each sphere in the chain from its zero-force state. This differs at the two ends of the chain from that present for intermediate spheres, because of boundary conditions. The resulting starting displacements are denoted as d 0l (between the horn and the first sphere), d 0 (between intermediate spheres), and d 0r (between the last sphere and the end wall) respectively.
As will be demonstrated below, the exact conditions of the chain have to modelled carefully, as the nonlinear normal modes that are created are sensitive to this. It is thus necessary to define effective Young's moduli associated with contact interactions between the horn and the first sphere, between intermediate spheres, and between the last sphere and the end wall (h l , h m and h r respectively). These quantities have values which depend on the material properties of the spheres, according to
where E l and m l are the Young's modulus and Poisson ratio of the horn, E r and m r are that of the far end wall, and E s and m s those of the spheres themselves. The values of d 0l , d 0 and d 0r are then given by
For the input sphere next to the horn, the equation of motion in terms of particle displacement in a chain containing N spheres is [15] :
For intermediate spheres in the chain, the relevant equation of motion is:
At the far end of the chain, the equation becomes
Note that negative values of the force terms involving successive spheres in Eqs. (3)- (5) imply that the relevant two neighbouring spheres have lost contact and the terms are then set equal to zero; additionally the damping term involving the Heaviside function H then becomes inactive, as explained above.
For comparison to the present experiments, numerical solutions of these equations were obtained using a technique developed for molecular dynamics, namely the Velocity Verlet method. This method has been used, for example, in the simulation of the dynamics of particles in suspensions [16] . It is particularly suited to discrete systems, such as the present situation involving the study of the motion of individual spheres. The relevant material parameters required for the calculations are given in Table 1 . The value of k required to get good agreement with experiment increased with the length of each chain, due to increased dissipation, over the range k = 0.23-0.32 N s m À1 from 3 to 10 spheres in length. This damping is thought to arise primarily from dissipation caused by contact of spheres with the viscoeleastic polymer holder used to contain the spheres.
Experimental results and comparison to theory
Here, we report details of the experimental results, including the dependence of propagation along the chain on the input waveform characteristics. This has been performed for a series of chain configurations, in terms of chain length, sphere size, sphere material and end-wall conditions. Additional comparisons of experimental results to theoretical predictions allow a more in-depth analysis of the behaviour of the chains to be performed.
A chain of 6 steel spheres of 1 mm diameter
Experiments were performed initially on a chain of six chromesteel spheres, and particle velocity waveforms recorded at the last sphere in the chain as the input was varied in terms of tone-burst duration and amplitude. Note that the vibrometer was also used to record the input signal from the horn tip in all experiments, so that the correct input waveform could be used for theoretical predictions to compare with a given experiment. These experiments were all performed using the minimum static pre-compression force (F 0 ) achievable in the apparatus of Fig. 1 , with the horn just touching the first sphere. Comparisons between computations and experiments, to be discussed further below, revealed that the magnitude of this force is of the order of 0.01 N.
It was found experimentally that the output signal at the far end of the chain was highly dependent upon the characteristics of the input waveform, in terms of both amplitude and duration of the input signal at 73 kHz. Consider first the use of a 20-cycle voltage excitation signal into the horn (see Fig. 2 for the input velocity waveform from the horn at maximum power). Fig. 3 shows the results obtained for a 6-sphere chain as the input amplitude was gradually increased up to this maximum. Here we use v m to represent the maximum pk-pk amplitude of the input velocity waveform for each measurement. At low amplitudes of the input (v m = 87 mm s À1 ), the output signal at the far end of the chain was small, with characteristics that were mainly those of the drive signal, although a small increase in the harmonic at 146 kHz indicated some limited non-linearity. As the input signal was then increased in amplitude, the time waveform started to change so as to incorporate a second feature with a period different to that of the input signal. This was associated with the appearance of additional regularly-spaced peaks in the frequency spectrum, at both higher and lower frequencies than the input at 73 kHz. As the magnitude of the input signal increased further, the new periodicity in the time waveform became more obvious, so that at the highest input amplitude, a set of distinct regularly-spaced impulses can be seen in the time waveform. This was associated with an increase in the prominence of the set of regularly-spaced peaks in the frequency spectrum. It is interesting to note that these frequency peaks were spaced at a value of 1/3 of that of the excitation frequency. They thus represent a set of two subharmonics, plus a set of harmonics, generated as a result of propagation along the chain. All the main frequency peaks are integer multiples of the lowest peak in the spectrum at 24.3 kHz.
The periodicity of impulses in the time waveform was 41 ls, the reciprocal of this value. Note that at the higher input amplitudes (v m = 937 mm s
À1
), the two sub-harmonic peaks were of higher amplitude than any of the harmonics. This generation of distinct sub-harmonics is observed in our experiments to be a characteristic feature of such systems in situations where impulses appear in the time-domain waveform.
The experimental results shown in Fig. 3 can be compared to the predictions of theory, so as to gain greater insight into the processes at work. As stated above, the experimental arrangement is assumed to impose a small pre-compression force (F 0 ) onto the chain. At low input amplitudes (v m = 87 mm s À1 ), a weakly non-linear behaviour is exhibited in the experiment, with the enhancement of the first harmonic, indicating the presence of such a small pre-compression force. Such behaviour was also observed in the work of Lydon et al. [14] in their study of a two-sphere system. They indicated that experimental and numerical results did not agree quantitatively in the nominally zero pre-compression state; they then went on to analyse the situation more closely, and identified a small unintended pre-compression as the cause. In the present case, the addition of a small pre-compression force F 0 = 0.012 N was seen to produce good agreement between theory and experiment. The predicted waveform of Fig. 4 is now similar to that measured experimentally, in that the predicted signal is predominantly that of the input, modified by the addition of some harmonic content in the frequency spectrum. Hence a precompression force of this magnitude was thus assumed to exist in the modelling predictions to follow.
The predicted waveform and corresponding frequency spectrum for an intermediate input amplitude of v m = 378 mm s
( Fig. 5 (top) ) contain features that agree with those seen experi- ), where the predicted motion at the end of the chain is a set of impulses with strong sub-harmonics in the spectrum, and has the main features seen in the experimental waveform of Fig. 3 at the highest input amplitude. The correct frequency components are predicted, as are the periodicity and general nature of the impulses in the time domain. There are minor differences in the magnitude of the frequency peaks between theory and experiment, but overall the agreement is very good.
Experimentally, there was also a dependence on the number of cycles in the excitation waveform, as is demonstrated in Fig. 6 for 10, 20 and 30-cycle excitations. At 10 cycles, the impulses were not fully formed, and the spectral peaks were indistinct. The optimum result in terms of the creation of impulses occurred at 20 cycles. At longer inputs of 30 cycles, the amplitudes of both harmonics and sub-harmonics decreased relative to the main input frequency of 73 kHz, and the impulses became less distinct. This process continued for longer input signals. Note also that the measured pk-pk amplitude increased with longer excitation waveforms, a consequence of the additional energy being input into the spherical chain.
Results for different chain lengths of 1 mm diameter steel spheres
The above experiments were repeated for different chain lengths, ranging from 2 to 10 spheres. As in the case for 6 spheres, the output was a function of both the amplitude and the number of cycles in the waveform. The results for a 10-sphere chain of 1 mm diameter steel spheres are shown in Fig. 7 , again as a function of input amplitude. It was found that the optimum result in terms of impulse formation for a 10-sphere chain occurred when the tone-burst excitation waveform was increased to be 45 cycles in length (an example was shown earlier in Fig. 2 ). In this case, the impulses were fully formed at the maximum input amplitude, and were seen to exist over a longer time duration than in the 6-sphere case, before again decaying away once the excitation was removed. Note that the input frequency of 73 kHz was a prominent peak for both chain lengths of 6 and 10 spheres, as would be expected. However, now the frequency spectrum of the longer chain contained three sub-harmonics, instead of the two seen for the 6-sphere case, and the lowest frequency peak was at a lower frequency of 18.25 kHz (i.e. 1/4 that of the input). The corresponding time between impulses was 54.8 ls. Note that this change in time separation between impulses is not in direct proportion to chain length, when a comparison is made to the 6-sphere case. This is not unexpected for such a highly-nonlinear system. It is also evident that the longer chain length has resulted in a wider bandwidth at the maximum input signal level, with sharper peaks in the time waveform, and an extended spectrum. Modelling confirms the expected behaviour for this longer chain. The predictions are shown in Fig. 8 for the 45-cycle input at maximum amplitude. Again, the main features of the experimental waveform and spectrum are predicted -distinct impulses are predicted at the correct spacing in time, with the spectrum containing peaks separated by a value 1/4 that of the input frequency. Prominent sub-harmonics are present, as expected.
Comparison of the results for the two lengths of chain indicates some interesting features. The time-domain train of impulses has a regular periodicity in each case, but with a longer period for the longer chain. This is associated with a smaller separation of the equivalent regular frequency peaks in the frequency spectrum. In addition, all of the main peaks are multiples of the lowest frequency peak (1/3 and 1/4 of 73 kHz for the 6 and 10 sphere chains respectively). These represent some of the allowed NNMs of the Fig. 7 . (a) Waveforms and (b) frequency spectra of output signals recorded for a 10-sphere chain, using a 45-cycle tone-burst from the ultrasonic horn at 73 kHz ( Fig. 2(a) ).
The maximum pk-pk input amplitude v m is given on the right in each case. Fig. 8 . Modelling results for a 10-sphere chain, assuming the 45-cycle time waveform of Fig. 2(b) as the input at the highest input amplitude from the horn at v m = 1081 -ms À1 (Fig. 2(b) ). (a) Time waveform and (b) frequency spectrum.
chain. The first peak in each case represents the lowest-frequency NNM resonance permitted as a whole fraction (i.e. a sub-harmonic) of the input frequency for that chain length. This reciprocal of this frequency corresponds to the time interval between impulses in each time waveform. Both harmonics and sub-harmonics are generated, as they are all allowed resonances of the chain. Note that the input drive waveform will contain some energy at all frequencies in this spectrum, due to its finite time duration, even though this may be very small; hence, sub-harmonics can grow from this small seed energy level.
Experimentally, it is observed that the increase in the maximum pk-pk amplitude of the particle velocity measured at the output is not a linear function of the input amplitude. This is illustrated in Fig. 9 for chains containing 6 and 10 spheres. Initially, the output is approximately proportional to the input levels. However, at a certain point, the amplitudes grow more quickly, before reaching a saturation level, after which the amplitude appears to vary erratically. This behaviour is not dissimilar to that expected from finiteamplitude resonant systems in which sub-harmonic generation is involved, such as those seen in bubble dynamics [17, 18] .
The result obtained experimentally for a 3-sphere chain of 1 mm diameter spheres is shown in Fig. 10 (top) . As might be expected, it falls within the pattern observed thus far -now there is only one sub-harmonic, at 1/2 the frequency of the input, with the corresponding repetition rate of the time-domain impulses being the reciprocal of this value. There is also only one distinct harmonic. The trends observed for the chains containing 6 and 10 spheres have thus continued -for the creation of impulses, a whole fraction of the input frequency needs to be present as the lowest peak in the spectrum, and all other significant peaks are multiples of this. In addition, the apparent propagation velocity of impulses within the chain decreases as the chain gets shorter.
Experiments have been performed for all chain lengths in the 2-14 range. The effects of resonance and the generation of a train of impulses for sphere diameters of 1 mm at an excitation frequency of 73 kHz were only observed in the case of 3, 6 and 10 spheres. This was irrespective of the amplitude or number of cycles in the input signal. This indicates that conditions were not wellmatched for the creation of NNM resonances and pass-band behaviour in these chain lengths, for the size of steel spheres and input frequency used.
Use of a different sphere material
Experiments were also conducted on 1 mm diameter thermoplastic polymer spheres, in this case polyoxymethylene (Delrin   TM   ) , and tungsten carbide ceramic spheres of the same size. Table 2 compares their material properties to those of acrylic polymer (used to make the holder for the spheres) and the steel ballbearings. It can be seen that Delrin differs from steel in being reasonably well-matched in terms of the acoustic impedance vale (Z) to the acrylic polymer used for the holder end-plate. The results for a 3-sphere chain are shown in Fig. 11 . In common with the results for a 3-sphere chain of steel spheres of the same size, Fig. 10 , only one sub-harmonic is present, and a train of solitary-wave impulses is seen. The results for tungsten carbide (Fig. 12) indicate again that only one sub-harmonic is present, although in this case of a higher amplitude than for either steel or Delrin. These results seem to indicate that changing the sphere material is less important than changing the number of spheres in a chain in terms of determining the main frequency components present in the resultant train of solitary wave impulses.
Discussion
The above has demonstrated that interesting effects occur when high amplitude ultrasonic sinusoidal signals are input into a resonant chain of spheres. For a situation where the pre-compression F 0 is very small, the output is highly sensitive to both the exact conditions of the chain, and small changes to the input. At high input amplitudes, strongly nonlinear behaviour is observed due to Hertzian contact between spheres. Provided the amplitude and tone-burst length of the input signal are at chosen correctly, NNM resonances can exist in the form of both harmonics and sub-harmonics of the main input frequency. The effect is to create a series of solitary-wave impulses, whose characteristics depend on the structure of the chain. This type of NNM behaviour is only observed in our experiments in a certain number of chain lengths using 1 mm chrome steel spheres, namely 3, 6 and 10 spheres in the present experiments. It is thus postulated that, as we are using a fixed input frequency and sphere material, only certain chain lengths will allow resonances in the form of NNMs to be present. Modelling studies using the dynamic equations of motion presented above confirm this behaviour. Thus, the characteristics of the chain will have to be chosen carefully if solitary wave impulses are to be generated using a specific input frequency (the latter being fixed in our experiments because of the use of a highlyresonant horn as an ultrasonic source).
The experiments have shown that the output is very dependent on the input conditions. The input has to be fine-tuned to produce time-domain impulses from the sinusoidal input; both the amplitude and number of cycles in the input waveform have to be adjusted to achieve the best results for a given spherical chain with allowed NNMs. The number of spheres present at a particular frequency has a big effect on the resultant output; however, for a fixed chain length, the material properties of the spheres seems to be of secondary importance in determining the main features present in the resultant waveforms.
Modelling the behaviour by solving discrete dynamic equations of motion for each sphere in the chain is able to predict the main features of the observed experimental results. Strongly nonlinear oscillations are predicted, involving both compression and loss of contact between spheres, and these are modelled within the dynamic equations. The experimental conditions meant that some level of static pre-compression force F 0 was always present; this modified the behaviour throughout, especially at low input amplitudes, where the behaviour was weakly non-linear. At low values of F 0 , however, the deliberate use of narrow bandwidth inputs of high amplitude meant that resonances in the form of NNMs were encouraged, leading to prominent harmonic and sub-harmonic generation. It is the presence of multiple NNM resonances that allows the formation of impulsive signals at high amplitude. In our experiments, the output signals can reach values of 50% of that of the input (see Fig. 9 ). This means that the impulses themselves are of reasonably high amplitude, leading to the possibility of uses in therapeutic ultrasound.
Conclusions
It has been demonstrated that impulses can be generated from high amplitude, narrow bandwidth inputs into chains of steel spheres. These are only created when the experimental conditions are correctly fine-tuned, in terms of the input waveform characteristics and the applied pre-compression force for a given chain. When this is done, a set of NNMs can be excited, which form a set of harmonics and sub-harmonics of the input frequency; it is this that leads to the creation of a train of impulses, the characteristics of which depend on the chain length for a given sphere material and diameter. These effects only occur for very small precompression forces F 0 , where strongly non-linear behaviour occurs. These results are likely to have uses in many branches of ultrasound, where the creation of high amplitude impulses is required. This includes biomedical therapeutic ultrasound, targeted drug delivery, sonochemistry and many other fields. 
